We introduce the notion of a transformation digroup and prove that every digroup is isomorphic to a transformation digroup.
for all x, y, z ∈ G.
(ii) (Bar-unit) There is an element e of G such that
for all x ∈ G.
(iii) (One-sided Inverses) For each element x in G, there exist two elements 
The diassociative law was introduced by J. -L. Loday to study Leibniz algebras. An element e satisfying (4) is called a bar-unit, and the set of all bar-units is called the halo ( [7] ). The two elements x α with respect to α; that is,
Proof By Definition 1.1, there is a bar-unit e of G such that
It follows that (α
which proves that
If G is a digroup, then the halo of G is denoted byh(G); that is
By Proposition 6.2 in [6] , if e is a bar-unit of G, then e is an identity of a digroup G if and only if x for all x ∈ G. Example 6 in [6] gives a digroup which does not have an identity.
We now introduce the notion of a subdigroup. The following definition introduces two important subdigroups of a digroup.
One can check that the target center
If G is a digroup with an identity, then the source center Z s (G) is a subdigroup of G.
We finish this section with the definition of an isomorphism between digroups. 
Symmetric Digroups
Let T (∆ × Γ) be the set of all maps from ∆ × Γ to ∆ × Γ, where ∆ and Γ are two sets. Then T (∆ × Γ) is a semigroup with the identity 1 under the product:
where 1 is the identity map, and the product f · g is the composite of g and f ( f following g ):
where SymΓ is the symmetric group on Γ.
It is clear that the element (s, f ) in Definition 2.1 is determined uniquely by the ℓ-map ℓ. Hence, ℓ in Definition 2.1 is also called the ℓ-map on ∆ × Γ induced by (s, f ) ∈ ∆ × SymΓ. We shall use the notation ℓ s,f to indicate that the ℓ-map induced by (s, f ). Thus, we have
Let ℓ s,f and ℓ t,g be two
by (6) . Hence, we have
Proposition 2.1 If G is a subgroup of SymΓ, then the set
is a subsemigroup of T (∆ × SymΓ) having the following two properties:
1. ℓ ∆×G has a right unit e := ℓ 0,1 , where 0 is a fixed element of ∆. Proof It is clear by (7). Proposition 2.2 Let G be a subgroup of SymΓ, and let θ : G → Sym∆ be a group homomorphism.
Every element
Proof (i) It is clear thatl f ∈ Sym(∆×Γ) by (8). For f , g ∈ G and (k, i) ∈ ∆×Γ, we have
which implies thatl
This proves that the map f →l f is a group homomorphism.
(ii) For (k, i) ∈ ∆ × Γ, we have
Hence, (ii) is true.
Motivated by the facts in [5] , we introduce the construction of a transformation digroup in the next proposition.
Proposition 2.3 If G is a subgroup of SymΓ and θ : G → Sym∆ is a group homomorphism, then ℓ ∆×G is a digroup under the following two binary operations:
where (s, f ), (t, g) ∈ ∆ × G. e := ℓ 0,1 is a bar-unit, and the left inverse and the right inverse of an element with respect to the bar-unit ℓ 0,1 are given by
Proof For (s, f ), (t, g) and (v, h) ∈ ∆ × G, we have
This proves that the two binary operations A subdigroup of ℓ ∆×G is called the transformation digroup on ∆ × Γ induced by (G, θ). In particular, the digroup ℓ ∆×SymΓ is called the symmetric digroup on ∆ × Γ induced by the group homomorphism θ : SymΓ → Sym∆. It is clear that the symmetric digroup becomes the symmetric group on Γ if |∆| = 1.
We finish this section with the description of the halo and subdigroups of ℓ ∆×G . (G, θ) . Let Z(G) be the center of the group G. Then
Proposition 2.4 Let ℓ ∆×G be the transformation digroup on ∆ × Γ induced by
(ii) ℓ s,1 is an identity of ℓ ∆×G if and only if Imθ ⊆ (Sym∆) s , where (iv) The target center Z t (ℓ ∆×G ) is given by
Proof The results follow from (12) and (13).
The Counterpart of Cayley's Theorem
In this section we prove that every digroup is isomorphic to a transformation digroup. We begin with the following property of left translations 1 . 
Proof It is clear that φ is surjective. Hence, φ −1 ( g i ) is not empty for all i ∈Γ. Since
Using the properties of left translations and (15), we have
It follow from (15) and (16) that
Since ↼ Lf is a permutation on G,
↼
Lf can be regarded as a permutation on Γ by (17).
For an element f of a digroup G, we define a map Ψ f : G → G by
where e is a bar-unit of G. Since the definition of Ψ f is independent of the choice of the bar-unit e, (18) is also written as It is clear that Ψ f can be regarded as a permutation on the halo of G.
is a group homomorphism from the subgroup
LG of SymΓ to Symh(G), where
· e for a bar-unit e of G. For all x ∈ G, we have
.
θ is a group homomorphism. Finally, we prove that λ preserves both the left product and the right product on G. For α, β ∈h(G) and f , g ∈ G, we have
